This paper presents the numerical modelling of heat transfer in two-dimensional metal films. The mathematical model of the problem analyzed consists on fuzzy coupled lattice Boltzmann equations for electrons and phonons supplemented by adequate boundary-initial conditions. In this model, the standard two-dimensional 9-speed lattice (D2Q9) is used. The main concept behind this work was to use the fuzzy lattice Boltzmann method (FLBM) to analyze the thermal process proceeding in a thin metal film. The application of α-cuts allows one to simplify mathematical operations in the fuzzy numbers set. Additionally, the trapezoidal approximation of fuzzy relaxation times and boundary conditions is considered. In the final part of the paper, the results of numerical computations are shown.
Introduction
A very important problem is the correct estimation of heat transfer processes occurring in thin metal films subjected to an ultrafast laser pulse in microtechnical applications. Extreme temperature gradients, very short duration of the laser irradiation process and small dimensions of the domain considered make it impossible to use the macroscopic heat conduction equation based on Fourier's law (Bejan and Kraus, 2003) . It is possible to introduce a relaxation time, i.e. delay time (time interval) between the heat flux and temperature gradient, and obtain a generalization of the Fourier law called the Cattaneo-Vernotte equation (Cattaneo, 1958 In the paper, the fuzzy lattice Boltzmann method (Piasecka-Belkhayat and Korczak, 2014a,b) is used to analyze thermal processes occurring in thin metal films subjected to an ultrafast laser pulse. In the engineering practice, thermal processes are generally analyzed with the assumption that the equations describing the analyzed process and material parameters are deterministic. The solution of the classical lattice Boltzmann method (LBM) does not give an exact image of natural phenomena because some of material parameters are determined experimentally. It seems natural to consider fuzzy material parameters occurring in the mathematical description. The application of the FLBM allows one to include in the mathematical model "uncertainty" associated with material parameters. Unlike exact sets, where the membership function can take only two values: 0 or 1, in the fuzzy set theory a partial membership to the fuzzy set is considered. In the paper, fuzzy values of relaxation times and boundary conditions are taken into account. The closed intervals called α-cuts and an algebraic extension of the classical interval arithmetic called the directed interval arithmetic were used to solve the problem considered (Piasecka-Belkhayat and Korczak, 2016; Mochnacki and Piasecka-Belkhayat, 2013). The use of directed interval arithmetic allows one to obtain narrower temperature intervals than in the case of the classical interval arithmetic, while the α-cuts make it possible to perform mathematical operations in a set of "normal" intervals, which is much simpler. Trapezoidal fuzzy numbers along with triangular numbers are the most commonly used fuzzy numbers. It is possible to use a non-linear membership function (for example Gaussian membership function) but this does not have a significant impact on the obtained solution.
During laser-metal interaction, the energy transfer process of excited electrons to phonons via coupling between both energy carriers can be observed. The Boltzmann transport equations transformed into a form using carrier energy densities for the coupled model can be written in the following form
where e means electrons and ph means phonons. The above energy equations must be supplemented by appropriate boundary and initial conditions.
The electron and phonon energy densities depending on the lattice temperatures are calculated using the formulas (Mochnacki and Paruch, 2013) e e (T e ) = n e π 2 2
while the electron and phonons source functions defined per unit volume are expressed by the following equations ( 
The fuzzy Boltzmann transport equation
Assuming fuzzy values of parameters occurring in equations (1.1), a fuzzy version of the Boltzmann transport equations is obtained (Ghai et al., 2005) ∂ e e (t, x, y) ∂t
The fuzzy values of the electron and phonon temperatures for their equivalent energy densities are given by the formulas
whereas the fuzzy electron and phonon energy sources are calculated from the following formulas (Ghai et al., 2005 )
The source component Q ′ (t, x, y) appearing in the electron energy equation determining temporary changes of the laser output pulse can be approximated using the exponential function defined as follows (Chen et al., 2006 )
In the present paper, the D2Q9 (two-dimensional nine-velocity lattice type) has been employed. For this lattice model, the discrete velocities for electrons and phonons ( Fig. 1) can be expressed as where c = ∆x/∆t = ∆y/∆t is the lattice speed uniform in both directions, the time step ∆t = t f +1 − t f is recommended to be shorter than the carriers relaxation time (Escobar et al., 2006) . The main steps of numerical analysis summarizing the presented method are shown in the flow chart below (Fig. 2) . 
Results of computations
As a numerical example, the heat transport in a gold thin film of dimensions 1000 nm×200 nm has been analysed. The following input data have been introduced: q b1 = q b2 = q b3 = 0 W/m 2 , fuzzy trapezoidal boundary temperature T b4 = (285, 292.5, 307.5, 315) K, T 0 = 300 K, ∆t = 0.01 ps, fuzzy trapezoidal relaxation times for phonons τ ph = (τ ph − 0.05τ ph , τ ph − 0.025τ ph , τ ph + 0.025τ ph , τ ph + 0.05τ ph ) and electrons τ e = (τ e − 0.05τ e , τ e − 0.025τ e , τ e + 0.025τ e , τ e + 0.05τ e ), r = 160 nm, the other material and laser properties are defined in Table 1 . In the paper, the fuzzy heat fluxes are calculated numerically with the use of the rules of fuzzy analysis. Figure 3 illustrates the fuzzy electrons heating curves obtained for α = 0.5 in the nodes: (100, 80) -1, (100, 100) -2 and (100, 120) -3 (see Fig. 4 ). For each node we have two curves, they are graphs of the beginnings and ends of α-cuts of temperatures, which are intervals.
In the second example, the temperature distribution for nodes with the OX coordinate equal to 600 nm was analyzed (Fig. 6 ). Results after 0.5 ps, 0.7 ps and 0.9 ps also for α = 0 and α = 0.5 are shown in Fig. 5 . What can be seen, for bigger alpha we have narrower temperature intervals. The third example (Fig. 7) illustrates the result of calculations obtained at one node (500, 60) nm after 0.9 ps, which is a trapezoidal fuzzy number with marked particular α-cuts. Fig. 7 . Trapezoidal fuzzy number -temperature at the chosen node (500, 60) nm after 0.9 ps
Conclusions
In this study, the numerical modelling of heat transfer in two-dimensional metal films has been considered. The main idea of this article was to include in the mathematical model fuzzy values of some parameters, for example relaxation times and boundary conditions.
The fuzzy lattice Boltzmann method has been applied to solve the problem discussed defined in this way. It should be also pointed out that the α-cuts have been used in order to avoid complicated calculations in the set of fuzzy numbers. The application of α-cuts allows one to consider fuzzy numbers as interval numbers and use simpler interval arithmetic. The trapezoidal approximation of fuzzy relaxation times and boundary conditions has been considered. As shown in Fig. 6 , the bigger values of the parameter α cause the narrower temperature interval, whereas for α equal to 1 the width of the temperature interval is equal to 0.
The presented fuzzy LBM allows one to find the numerical solution in the fuzzy form, which is particularly important in the case of experimentally estimated parameters, e.g. the relaxation time. It is worth to emphasize that the classical error analysis is not used in numerical methods based on the interval or fuzzy arithmetic. However, a very effective tool to control the width of intervals obtained as a result of calculations is the sensitivity analysis (Piasecka-Belkhayat and Korczak, 2017). Another important aspect is that the results obtained with the use of the classical lattice Boltzmann method for exact values should be included in the middle of intervals obtained with the use of fuzzy LBM (Piasecka-Belkhayat and Korczak, 2014).
A. Appendix -fuzzy arithmetic
In this paper, all calculations have been performed using the fuzzy set theory. This kind of arithmetic is not so common in mathematical modelling, especially in solving heat transfer problems, and that is the reason why some of the rules and definitions of the fuzzy arithmetic ground must be explained (Hanss, 2005) .
At the beginning, it is necessary to introduce the definition of a fuzzy set. Let the fuzzy set C be a nonempty subset of the universal set X ( C ⊆ X), which can be defined by a set of pairs consisting of elements x ∈ X and a characteristic function µ C (x) called a membership function of the form
where the membership function µ C (x) can be formally expressed as
In the theory of fuzzy sets, each element from the set is mapped to the interval [0, 1] by a membership function. The interval [0, 1] means real numbers between 0 and 1 (including 0, 1). Consequently, a fuzzy set is a "vague boundary set" compared with a crisp set.
For every x ∈ X, three types of membership to the fuzzy set C can be defined (see Table 2 ). lack of membership to the fuzzy set, x / ∈ C (0, 1) partial membership to the fuzzy set Among the infinite quantity of possible fuzzy sets that can be treated as fuzzy numbers, some types of membership functions are of particular importance. In general, arithmetic operations on fuzzy numbers are very complicated. One of the ways to avoid difficult arithmetic operations performed on fuzzy numbers is to apply α-cuts. The concept of α-cuts is one of the most important concepts of fuzzy sets. The α-cut of a set C in a universal set can be defined as a crisp set composed of members whose membership is not less than α for every α ∈ [0, 1] (Otto et al., 1993)
It should be pointed out that the value α is arbitrary, and the characteristic function of the α-cut set can be defined as follows
It is worth to emphasise that every fuzzy set C is exactly a sum of all its α-cuts
where α C α means a fuzzy set with the following membership function
Taking into account a membership function of a linear type, trapezoidal fuzzy numbers together with triangular numbers are the most commonly used fuzzy numbers in numerical analysis. In this article, trapezoidal fuzzy numbers have been applied to find a numerical solution to the Boltzmann transport equations in the fuzzy form.
A membership function of a trapezoidal fuzzy number a can be defined as follows (Giachetti and Young, 1997 )
where x 0 and y 0 are two defuzzifiers -the left and the right one, respectively, σ and β (σ > 0, β > 0) are left and right fuzzinesses. A trapezoidal fuzzy number can be written as a = (x 0 , y 0 , σ, β) and illustrated as in Fig. 8 . For the α-cut of two fuzzy numbers a and b, the mathematical operations can be defined as in Table 3 (Piasecka-Belkhayat, 2011). 
